Abstract. We obtain an explicit Iwasawa decomposition of the symplectic matrices, complex or real, in terms of the Cholesky factorization for positive definite n × n matrices. We also provide a MATLAB program to compute the decomposition.
Iwasawa decomposition of the symplectic groups
Let G be the real (noncompact) symplectic group [3, p.129] (the notation there is Sp n ), [4, p.265] G := Sp n (R) = {g ∈ SL 2n (R) : g T J n g = J n },
For example,     cosh t sinh t 0 sinh t sinh t cosh t sinh t 0 0 0 cosh t − sinh t 0 0 − sinh t cosh t
By block multiplication, the elements of G are of the form [3, p. 128]
The Iwasawa decomposition of G = KAN is given by [4, p.285 ]
That is, if g ∈ G, then g can be written in the form g = kan, k ∈ K, a ∈ A, n ∈ N , and the decomposition is unique. When g ∈ G is viewed as a 2n × 2n real nonsingular matrix, we have the usual QR decomposition [3, p.143] of g = k a n , where k is special orthogonal, a is positive diagonal and n is real unit upper triangular and the decomposition is unique. However, it is not the Iwasawa decomposition of
The results in the paper were presented in R.C. Thompson a ∈ A, and n ∈ N . It is because n is unit upper triangular so that it is not necessarily in N . Nor k ∈ K in general. See [1] for an application of the Iwasawa decomposition of Sp n (R). The complex symplectic group [2, p.447] is
The corresponding subgroups for the Iwasawa decomposition are
We will provide an explicit form of the Iwasawa decomposition of G = Sp n (R) or Sp n (C). An algorithm of computing the decomposition by using MATLAB is given. The idea is simply a usage of the Cholesky factorization for a positive definite matrix [3, p.142], or equivalently, the QR decomposition for a nonsingular matrix [4, 287] .
and write 
Proof. Assume G = Sp n (C). The symplectic group G is clearly closed under complex conjugation. It is also closed under transpose because if g ∈ G, then
By taking transpose of both sides of the latter equation, g(−J
where
Since g * g ∈ G, from (1.1) we have
Since A 1 is positive definite, taking complex conjugate transpose of (1.2) yields
T is symmetric. We claim that X satisfies the following the matrix equation
It suffices to check whether D 1 equals the (2, 2)-block of the right side of the above equation. The (2, 2)-block is
by (1.3). Apply the Cholesky factorization [3, p.142] on the positive definite matrix A 1 to have
where Q is unit upper triangular and H is positive diagonal. Then
and
Clearly
so that k is unitary. Thus k ∈ K c . When G = Sp n (R), the complex conjugate transpose becomes transpose in the above proof.
We remark that a and n do not involve D 1 which is uniquely determined by A 1 and B 1 from (1.3).
A MATLAB program
The procedure in the proof of Theorem 1.1 can be implemented by some mathematical softwares in which Cholesky factorization is available. The following is a MATLAB program for the Iwasawa decomposition of g ∈ Sp n (F), F = R or C. function y = Spn(g) % % computing the Iwasawa decomposition of g in Sp n (R) or Sp n (C) % g = kan % g1 = g'*g ; % g' = complex conjugate transpose of g [p,q] = size(g) ; n = p/2; A1 = g1(1:n,1:n) ; % (1,1) block of g'*g B1 = g1(1:n,n+1:2*n) ; % (1,2) block of g'*g R = chol(A1) ; % Cholesky factorization on A1 Q = triu(R,1) + eye(n) ; % unit upper triangular H = diag(diag(R)) ; % diagonal part of R H1 = sqrt(H) ; L = (inv(Q)).' ; % transpose of the inverse of Q a = [H1 zeros(n) ; zeros(n) inv(H1)] n = [Q inv(H)*L*B1 ; zeros(n) L] k = g*inv(a*n) pause; end
